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Abstract. In [7] Kramer proves for a large class of semisimple Lie groups that they admit 
just one locally compact cr-compact Hausdorff group topology. We show how to adapt his 
argument to the group of fc-rational points of any connected centreless semisimple algebraic 
group defined over a non- Archimedean local field k. We also show how to adapt his argument 
to the full automorphism group of a regular locally finite bipartite tree. 



In [7J Kramer explores the question of when a semisimple Lie group G admits just one 
locally compact a-compact Hausdorff group topology, or, to put it another way, when it 
is the case that any abstract isomorphism ip : T — > G whose domain is a locally compact 
cr-compact Hausdorff topological group is necessarily a homeomorphism. He proves that this 
is the case for a connected centreless real semisimple Lie group for which all the simple ideals 
in the Lie algebra are absolutely simple. In this paper we shall generalise these arguments to 
other groups. First we shall discuss semisimple algebraic groups over non- Archimedean local 
fields, then we shall discuss the full automorphism group of a regular locally finite bipartite 
tree. 

1. Semisimple Algebraic Groups over Non-Archimedean Local Fields 

The key element in Kramer's argument in [7J is Theorem 7, which gives a sufficient condi- 
tion for a surjective abstract group homomorphism to be both open and continuous. We need 
to obtain a generalisation of this result to algebraic groups defined over non-Archimedean 
local fields. We shall now show how this is done. But first we shall briefly discuss the notion 
of a non- Archimedean local field. We base our discussion on Chapter 1 of [T6] . 



Definition 1.1. A local field is a locally compact non-discrete Hausdorff topological field. 

Definition 1.2. Given any local field k, there is a Haar measure /i (unique up to multiplica- 
tion by a positive constant) on the u-algebra of Borel subsets of k, with respect to the abelian 
group structure of k under addition. When S is some compact set with nonempty interior, 
the equation //(A • S) = modfc(A) • fJ>(S) defines the function mod^ uniquely independently 
of the choice of Haar measure /J,, and the function mod^ so defined is a valuation. If the 
valuation is Archimedean (that is, it is unbounded on the smallest subring of k containing 
and 1), then the local field is said to be Archimedean, otherwise the local field is said to be 
non- Archimedean. 

Theorem 1.3. The local fields are classified as follows. Every Archimedean local field is 
isomorphic to either M. or C with the usual topology. Every non- Archimedean local field is 
isomorphic either to a finite extension of the p-adic number field Q p , with the topology coming 
from the unique valuation extending the p-adic valuation on Q p , or to the field of Laurent 
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series with coefficients in a finite field, with the topology coming from the unique valuation 
(up to equivalence) on such afield. 

Proof. See Chapter 1 of [16]. □ 

Now we state Theorem 3 and 4 of [7]. 

Theorem 1.4 (Open Mapping Theorem). Let ip : G — > H be a surjective continuous homo- 
morphism between locally compact Hausdorff topological groups. If G is a-compact, then ip 
is an open map. 

Proof. See Hewitt and Ross g], II 5. 29 or Stroppel p], 6.19. □ 

Remark 1.5. In the statement of the theorem in [7J the hypothesis is given as " H is cr- 
compact". This would appear to be a typographical error. 

Theorem 1.6 (Automatic Continuity). Suppose that G is a locally compact Hausdorff topo- 
logical group and that H is a a-compact Hausdorff topological group. Assume that ip : G — > H 
is a group homomorphism which is also a Borel map, i.e. that the preimage of every open 
set U C H is a Borel set. Then ip is continuous. 

Proof. This is a special case of Hewitt and Ross [4], V.22.18; see also Kleppner (6], Thm. 
1. ' □ 

Next we shall prove a version of Lemma 5 of [7J which applies to absolutely simple algebraic 
groups over non-Archimedean local fields. Before doing this we briefly discuss the strong 
topology on the set of /c-rational points of an affine A;-variety where k is a topological field. 
This is discussed in the algebraically closed case in Chapter I §10 of [8], where the main 
properties are left as an exercise for the reader. It is also discussed in the case k = C in 
Appendix III of [TB] . 

Definition 1.7. Suppose that V is an affine variety over a Hausdorff topological field k, 
and suppose that we are given a £;-embedding of V in an affine space A n (k), where k is 
an algebraic closure of k, and the affine space is given the obvious ^-structure. Then the 
topology on k induces a topology on the set of /^-rational points A n (k) of the affine space 
A n (k), and thereby induces a topology on V(k), the set of ^-rational points of the variety 
V. This topology on V(k) does not depend on the choice of embedding in an ambient affine 
space, and is called the strong /s-topology on V{k). 

We also make the observation that if G is an affine algebraic group over a local field k, 
then G(k) is cr-compact in the stong topology. This is because every local field is cr-compact, 
so it follows that the set of fc-rational points in an affine space over a local field k is also 
cr-compact, and therefore every closed, and in particular every Zariski closed, subset of the 
affine space is cr-compact. (It is easy to see that the strong topology is finer than the Zariski 
topology.) 

Lemma 1.8. Let G be a centreless absolutely simple algebraic group of dimension m > 0, 
defined over a non- Archimedean local field k. Suppose that V is a constructible subset of G 
(in the Zariski topology), of dimension greater than zero and is defined over k. Then there ex- 
ist elements g , . . . , g m G G(k) such that goV(k)giV(k)g 2 ■ ■ ■ g m -iV(k)g m is a neighbourhood 
of the identity in the strong topology on G(k). 
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Proof. Let Co be a point in V(k) with the property that the tangent space over k to V at Co (in 
the sense of algebraic geometry; see for example [TJ, AG § 16) has dimension equal to that of 
V, and in particular is greater than zero. The existence of such a point follows from Corollary 
17.2 of chapter AG of [1], together with the fact that V(k) is Zariski dense in V, which follows 
from the implicit function theorem for local fields (see [TTJ, Corollary 4.5). Let A be a nonzero 
tangent vector to V at Co defined over k. Replacing V by Cq 1 V, we may assume that Co = e 
and that X G Liefe(G) = (T e G%. The group G(k) acts via Ad irreducibly on Liefc(G). Thus 
we can find elements ai, . . . a m G G(k) such that Ad(ai)(X), . . . Ad(a m )(X) is a basis of 
Liefc(Cr). Now, from the implicit function theorem for local fields we know that there is a 
diffeomorphism from any sufficiently small open neighbourhood of the identity in G(k) (in the 
strong topology) onto an open subset of an m-dimensional vector space over k (in the vector 
space topology induced from the topology on k). It then follows from the inverse function 
theorem for local fields (see [TT] . Proposition 4.3) that hiV(k)hi 1 h 2 V(k)h2 1 . . . h m V(k)h^ is 
a neighbourhood of the identity in G(k) (in the strong topology). This proves the result. □ 

In what follows, the topology on G(k) is assumed to be the strong topology. 

Lemma 1.9. Let G be a centreless absolutely simple algebraic group of dimension m > 
defined over a non-Archimedean local field k. Assume that D C G(k) is a compact neigh- 
bourhood of the identity. Let U C G(k) be an arbitrary neighbourhood of the identity. Then 
there exist elements a\, . . . a m G G(k) such that [ai, -D][a2, D] . . . [a m , D] is a neighbourhood 
of the identity which is contained in U. 

Proof. This is proved exactly as in [7J. Let a G G(k) — {e}. Then Ad(a) ^ id, so there 
exists X G Liefc(G) with Ad(a)(A) -1^0. Since G(fc) acts irreducibly on Liefc(G), we 
can find elements a\,...a m in any neighbourhood of the identity and vectors Xi, . . . X m G 
Liefc(G) such that Ad(ai)(Ai) — X 1; . . . Ad(a m )(X m ) — X m is a basis of Liefc(G). It follows 
readily from the inverse function theorem and implicit function theorem for local fields that 
[ai,D] . . . [a m , D] is a compact neighbourhood of the identity. 

Let now U be an open neighbourhood of the identity. Consider the continuous map 
h : (G(k)) m x (G(k)) m -»■ G(k), (x 1: . ..x m ,y l , ...y m )t-> [x 1 ,y 1 \[x 2 ,y 2 \ • • • [x m ,y m ]- We have 
that h({e} m x D m ) C {/. By Wallace's Lemma, see Kelley [3], 5.12, there is an open 
neighbourhood V of the identity such that h(V m x D m ) C [/. The claim follows if we choose 
ai,...a m eV. □ 

As discussed in Chapter 5 of |14j . given any Zariski-connected semisimple algebraic group 
H defined over a field k there exists an algebraic group Aut H defined over k, such that given 
any field extension / of k the /-rational points of Aut H are the same as the /-automorphisms 
of H, and the identity component (in the Zariski topology) of Aut H is ^-isomorphic to 
the adjoint group of H. Thus if H is centreless then H(k) may be viewed as a subgroup of 
(Aut H)(k). In the case where H is isotropic, the abstract automorphism group of H{k) is 
generated by (Aut H)(k) and Aut k, as is proved in [3]. 

Theorem 1.10. Let T be a locally compact and a-compact Hausdorff topological group. Let 
H be a Zariski-connected centreless absolutely simple algebraic group defined over a non- 
Archmiedean local field k and suppose that H < G < Aut H. Suppose that ip : T — > G(k) 
is an abstract group isomorphism. Suppose that there is a compact subset C C G(k) which 
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contains the k-rational part of a constructible subset V C G as in Lemma \1.8l and such that 
ip~ l {C) is a -compact. Then if is a homeomorphism. 

Proof. By Lemma [1751 there are elements g , . . . g m G G(k) such that D = goCgiCg 2 ■ ■ ■ g m -iCg, 
is a compact neighbourhood of the identity. We note that is a-compact. Let U C G 

be an open neighbourhood of the identity. By Lemma [TT91 we find elements ai, . . . a m G G(k) 
such that E aij _ am = [ai,D] . . . [a m , D] C Z7 is a neighbourhood of the identity. Moreover, the 
set v 9 ~ 1 (-^a i ,...a m ) is cr-compact and in particular a Borel set in T. If W Q G(k) is an arbi- 
trary open subset, then we find a countable collection of elements b G G(k) such 
that = WjL bjE aiJ ^„ amd , because G(k) is second countable. Each set tp~ l (bjE ai ji ... ttm j ) is 
Borel, so c/? _1 (H^) is a Borel set in T. Therefore ip is a Borel map and by Lemmas 11.41 and 
11.61 is a homeomorphism. □ 

This is the sufficient condition to which we referred earlier. 

Corollary 1.11. Suppose that H is a Zariski-connected centreless absolutely simple anistropic 
algebraic group over a non- Archimedean local field k, and that H < G < Aut H . Then G(k) 
admits just one locally compact cr-compact Hausdorff group topology. 

Proof. This is a consequence of Theorem 11.101 and the fact that if G is anistropic then it 
follows that G(k) is compact, which is proved in [10]. □ 

Corollary 1.12. Suppose that H is a Zariski-connected centreless isotropic absolutely sim- 
ple algebraic group over a non- Archimedean local field k which is not quasisplit, and that 
H < G < Aut H. Then G(k) admits just one locally compact cr-compact Hausdorff group 
topology. 

Proof. Let S be a maximal fc-split torus. By T>C{S) we mean the derived group of the cen- 
traliser of S, which is called the anisotropic kernel. The anisotropic kernel is a semisimple 
group, and its /c-rational part is compact in the strong topology by [10J. Also it has dimen- 
sion greater than zero, and it is not abelian, and neither is the fc-rational part (since G is 
not quasisplit). This means that we can find an h G T>C(S)(k) whose conjugacy class in 
T>C(S)(k) is compact and has dimension greater than zero. This set is equal to the conju- 
gacy class of h in C(S)(k). The set C(S)(k) is closed and therefore cr-compact in any locally 
compact cr-compact topology on G(k). The result now follows by Theorem II .101 □ 

As in [7], to deal with the quasisplit case we need to treat the rank-one case in slightly 
greater generality. 

Lemma 1.13. Let G be a reductive algebraic group (not necessarily Zariski-connected) over 
a non-Archimedean local field k, with fc-rank one. Then there exists a constructible subset 
of G, defined over k and of dimension greater than zero, whose A;-rational part is compact 
in the strong topology G(k) and cr-compact in any locally compact cr-compact Hausdorff 
topology on G(k). 

Proof. First consider the case where G is semisimple. The non-quasisplit case can be dealt 
with by the argument already given. 

Since G is quasisplit, all the nodes in the Tits diagrams for G are white/encircled (see [13J), 
and since G has /c-rank one the nodes are all in one orbit of the action of the absolute Galois 
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group of k. So the Tits diagram must consist of disjoint unions of finitely many copies of 
A±, or disjoint unions of finitely many copies of A 2 , with all the vertices in one distinguished 
orbit. This means that there exists a finite Galois extension k' of k such that the Lie algebra 
of G over k is the image of a Lie algebra g over k! under a forgetful functor, where the Tits 
diagram of q over k' has just one copy of A 1 or A 2 , with all nodes in one distinguished orbit. 
It will be seen below that our arguments will apply regardless of which representative of 
the isogeny class of G we choose. Thus we can assume without loss of generality that the 
group G(k) is isomorphic (as an abstract group) either to SL(2, k') or ^SU(3, k') where / is 
a hermitian form over some quadratic extension of k! with Witt index one. 

In the first case there exists a compact subgroup of G{k) which is the special orthogonal 
group for an anisotropic quadratic form and which is equal to its own centraliser, and has 
positive dimension. Since this subgroup is a centraliser of a set it is closed and therefore 
cr-compact in any locally compact cr-compact Hausdorff group topology on G(k). This proves 
the desired proposition in this case. 

In the second case it is sufficient to prove that every three-dimensional Hermitian space 
of Witt index one has a two-dimensional anistotropic subspace. For then we consider the 
stabiliser of the two-dimensional anistropic subspace and its orthogonal complement, which 
can be defined to be the centraliser of an element of G(k), and find a compact conjugacy class 
in this stabiliser of dimension greater than zero, and then the desired proposition follows in 
this case as well. 

So we have reduced the proposition (in the case where G is semisimple) to the lemma which 
follows. In the case where G is reductive, the centralisers are larger, but the appropriate 
subgroup or conjugacy class can still be found in both cases. □ 

Lemma 1.14. Every three-dimensional Hermitian space of Witt index one over an arbitrary 
non- Archimedean local field k has a two-dimensional anistropic subspace. 

Proof. This part of the argument is due to Daniel Skodlerack. We can assume without loss 

/0 1 0\ 

of generality that the matrix of the Hermitian form is I 1 . Let I be the quadratic 

\ a ) 

extension of k over which the Hermitian form is defined and p the nontrivial element of 
Gal(Z : k). Now let b be such that b + p(b) ^ 0. We have ^ J J ^ ~ ^ b + ^ P ® ^ ~ 
b + p(b) \ / b + p(b) 

b+p(b) 



t£§)'~\ -(b + P (b)) 



b + p{b) 

If the lower right 2-by-2 block of | — (b + p(b)) | is not anisotropic, then 



b + p(b) 

the form in question is equivalent to | b + p{b) | . If the upper left 



2-by-2 block is not anistropic then we can multiply it by an arbitrary element of k*, and 
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in particular we can choose an element of k* which is not a norm of an element of I*, by 
class field theory, (see [9], Chapter V, Theorem 1.3), and then the lower right 2-by-2 block 
becomes anistropic. □ 

Theorem 1.15. Let H be a Zariski- connected centreless absolutely simple algebraic group 
over a non- Archimedean local field k which is isotropic and quasisplit. Suppose that H < 
G < Aut H . Then G(k) admits just one locally compact a -compact Hausdorff group topology. 

Proof. Let P C G be a next-to-minimal parabolic, with Levi group H C P. The group 
H(k) is the centraliser of a certain subgroup of G(k); in particular, it is closed and therefore 
cr-compact in any locally compact cr-compact Hausdorff topology on G(k). It is now possible 
to apply the argument for our result Lemma fl.131 ab out the rank-one case to obtain a subset 
C of G(k) which is compact, contains the ^-rational part of a variety of positive dimension 
as required in Lemma ll.8[ and is cr-compact in any group topology of the appropriate kind, 
so that we can apply Theorem 11.101 □ 

Theorem 1.16. Let H be a product of finitely many groups Hi each of which is the ra- 
tional part of a Zariski- connected centreless absolutely simple algebraic group over a non- 
Archimedean local field fcj. Then H admits just one locally compact a -compact Hausdorff 
group topology. 

Proof. Each of the groups Hi can be defined as centralizers, which are therefore closed in 
any group topology. And they each admit a unique locally compact cr-compact Hausdorff 
group topology by Corollary II. lit Corollary I1.12[ and Theorem 11.151 □ 

2. Automorphism Groups of Trees 

Next we discuss the case of the full automorphism group of a regular locally finite bipartite 
tree. 

Theorem 2.1. Suppose that T is a regular bipartite tree such that there exist integers k, I > 2 
such that all vertices of type 1 have valence k and all vertices of type 2 have valence I. Let 
G be the full group of automorphisms of T which preserve the bipartition. Equip G with the 
compact-open topology. Suppose that T is a locally compact o-compact Hausdorff topologial 
group and ip : T — >• G is an abstract isomorphism. Then ip is a homeomorphism. 

Proof. Suppose that x G T, and that yi, y 2 , . . . y r G Edge T are distinct edges incident to x, 
not exhausting all of the edges adjacent to x. Let Si be the subtree generated by x, and all 
vertices x' ^ x such that the geodesic from x to x' starts with one of the edges and let £2 
be the subtree generated by x, and all vertices x' ^ x such that the geodesic from x to x' does 
not start with one of the edges y±. Suppose that g G G has the property that the fixed vertex 
set of g consists precisely of S 2 - Denote by C the centraliser of g in G. C is a closed subset 
of the stabiliser of x (since it is contained in the setwise stabiliser of S 2 ) and is therefore 
compact. The group <£>~ 1 (C) < V is the centraliser in V of an element of T, and is therefore 
closed and therefore cr-compact. The intersection of C with the pointwise stabilizer of Si 
includes the full automorphism group of S 2 . Hence the stabiliser of x is generated by finitely 
many conjugates of C, and it now follows by the Baire category theorem that there must 
exist go,gi, ■ ■ .g r belonging to the vertex stabiliser of x, for some integer r > 1, such that 
D := goCgiC . . .Cg r has nonempty interior. We can then assume without loss of generality 
that D is a neighbourhood of the identity, and contained in a vertex stabiliser. Furthermore 
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D is compact, and its preimage under ip is cr-compact. The sets which are intersections of 
finitely many translates of D have the property that any open set is a union of such sets. 
Furthermore there are only countably many such sets. Thus, if U is an arbitrary open subset 
of G, it can be written as a countable union of intersections of finitely many translates of D. 
Its preimage under (p is therefore Borel. It now follows from Lemmas 11.41 and 11.61 that ip is 
a homeomorphism. □ 



This result together with the following observation shows that the tree can be recovered 
from its automorphism group considered as an abstract group. 



Theorem 2.2. Given a regular locally finite bipartite tree, the structure of the full group of 
automorphisms, preserving the bipartition, with the compact-open topology, as a topological 
group, determines the tree up to isomorphism. 



Proof. The vertices can be identified with maximal compact subgroups of the automorphism 
group, and we say that two vertices G x and G y are adjacent if their intersection is not 
contained in another vertex G z . This yields the structure of the original tree. □ 



The above result also follows from an observation made in [2J, Lemma 2.6. 
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